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Modelling for probabilistic inference
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&% Flexibility « Probabilistic prediction
GPs fits complex response surfaces with A full posterior, hence uncertainty at
very few assumptions. every input - not just a point estimate.

GPs can be defined over plenty of different — probabilistic prediction!
inputs.
GPs can incorporate prior knowledge.
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Why GPs are so popular for active learning ?

&% Flexibility « Probabilistic prediction

GPs fits complex response surfaces with A full posterior, hence uncertainty at
very few assumptions. every input - not just a point estimate.
GPs can be defined over plenty of different — probabilistic prediction!

inputs.

GPs can incorporate prior knowledge.

— That probabilistic prediction is exactly what is leveraged for active learning:
level-set estimation, Bayesian optimisation, probabilistic inversion, ...

But: a GP assumes a Gaussian output. What if the response is not Gaussian: a
density, a class, a count?



PhD Motivation: Stochastic inverse problems & surrogate modelling
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The challenge: Precise statistical inference in

complex systems with index x and response Ty. m Aﬂfﬂﬂk M

1D quantity of interest in an hydrogeologlcal inverse problem

m Complex spatial dependence of Ty
m Costly model evaluations

m Heterogeneously scattered data

2D quantity of interest for a cosmological inverse problem
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Spatial Logistic Gaussian Process : SLGP
Let the latent GP Z depend on the index x as well as the response t € [a, b]:
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Spatial Logistic Gaussian Process : SLGP

Let the latent GP Z depend on the index x as well as the response t € [a, b]:

(Zx,t)xeD, tefa,b] ~ gP

Zx,t

T € ~ SLGP

’ — Zyu

Jia. €5 dlu
At each x, Y. is, informally, a “random density” w.r.t. Lebesgues measure.
Discrete-valued SLGP, for a response k in {1,..., K}:

(Zxk)xeD, kef1,..ky ~ GP

er,k



Data integration in the discrete SLGP 1/2

Likelihood of the observations

For locations (x;)?_; € D", observations ky, := (ki)"_; € {1,..., K}", assuming
independent k;'s we have the likelihood:
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Data integration in the discrete SLGP 1/2

Likelihood of the observations

For locations (x;)?_; € D", observations ky, := (ki)"_; € {1,..., K}", assuming
independent k;'s we have the likelihood:

eZXi’ki
m(kn|Y) = H Yiiki = H K 2, (1)

i—1 24j=1¢€
We focus on finite-rank GPs:

p
Z(x, k) = p(x, k) + > _fi(x,k)ej = Fx,k), ¥x € D, k€ {0,...,K},  (2)
j=1

where € = (e1, ...,sp)T is a random vector of pi.i.d. N'(0,02) random variables, and x
is a deterministic known trend function.



Data integration in the discrete SLGP 2/2

Posterior of a finite-rank SLGP

For locations (x;)7_; € D", observations ky, := (ki)"_; € {1,..., K}", assuming
independent k;'s and a finite-rank SLGP, we have the posterior:

M(Xnk )+Z_, 1 &1 (xi,ki)
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where ¢, the pdf of the p-variate standard normal distribution



Data integration in the discrete SLGP 2/2

Posterior of a finite-rank SLGP

For locations (x;)7_; € D", observations ky, := (ki)"_; € {1,..., K}", assuming
independent k;'s and a finite-rank SLGP, we have the posterior:

/'L(lek )+ZJ 1616()('7 l)

7r[6|k“] X ¢P (6) H XHZ)JFEJ L leJ(x,, ) (3)
i=1 1

where ¢, the pdf of the p-variate standard normal distribution

This posterior is log-concave.
m Fast optimization (MAP)
m Good Laplace approximation
m Fast MCMC sampling. (Dwivedi et al., 2018)
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The main properties of discrete SLGP

Inference yields N posterior draws 1), ... (™) (via Laplace or MCMC), each inducing

a pmf field ?X(',z The average is Vx,k = % vazl ?x(i)-

Q Can be evaluated at any x |l <8 Ordinal for free

No quadrature error; the The finite-rank

normaliser is a finite softmax  representation allows the
sum. Inference is cheaper surrogate can be queried at
than in the continuous case. | nseen indices - essential for

design.

One shared latent process
on D x {1,...,K} couples
neighbouring categories -
natural for counts.



Connections to familiar models

Multinomial logistic regression Discrete-output SLGP

m feature map F(x) shared across classes
m coefficients &, vary with k
m up to K x P free parameters

Multiclass GP classifier

m one latent GP per class

® no intrinsic ordering of labels

single shared e
class-specific basis F(x, k)
one process on D x {1,..., K}

structured, input-dependent
cross-class correlation

ordinal structure built in

latent dimension fixed



Modelling for probabilistic inference

Spatial Logistic Gaussian Process

Active learning

Applications and proof of concept
m Case 1: binomial distribution with fixed np;, and varying p
m Case 2: binomial distribution with varying np;, and p

11/30



Active data acquisition with SLGP
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Active data acquisition with SLGP

Goal. Select new design points x € D that are informative for the entire conditional probability
mass function (Yx1,..., Yo k) | Dh.

P(Te = KIDy) = [ Yial(e) plelDy) de. (@

Posterior-draw approximation

Given posterior draws \A/x(',z i=1,...,N:

N
1 oli
P(Tx = k|Dp) = Yk = N Zl x(,z

Xnt1 € argmax a(x)
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= Random sampling (baseline).
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Considered strategies

= Random sampling (baseline).
m Probability variance:

N
aVarProb Z N 1 Z <§>x(,l/3 ?x,k)z

i=1
Direct ¢>-type dispersion in probab|||ty space.
m Predictive entropy (MacKay, 1992; Cohn et al., 1994):
K

aEnt Z Yx k Iog Yx k
k=1

Total predictive uncertainty, mixes epistemic and aleatoric.
m BALD (Houlsby et al., 2011):
K B 1N K "
apaLD(X Z %k log Yk + m Z Z Yx(f;z log YX(,I;Z
i=1 k=1
Mutual information: targets dlsagreement between pmf draws.
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Case 1: binomial conditional pmf

Controlled benchmark. We consider a one-dimensional conditional distribution with known
ground truth:
T, | p ~ Bin(10, p), p € (0,1),

so that K = 11 categories and

Evaluation metric. Prediction quality is measured using integrated KL divergence:

1 10
KL(f.) = [ 3 fk)log ;((i)) dp.
k=0 p

approximated numerically on a dense grid.



Case 1: binomial conditional pmf

Compared methods

SLGP for conditional pmf
estimation;

GP-based multiclass model;

random forest baseline.
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Predictive performance and computational time over 10 repetitions.



Sequential design: learning the pmf field efficiently

Protocol. The SLGP is initialized with ng = 10 random observations. At each iteration, a new
location pyey is selected and 5 independent observations are generated from Bin(10, pyew)-

Acquisition strategies Integrated Kullback-Leibler(8in, SLGP)

m random sampling;
0.64

m predictive entropy;

m BALD;

Acquisition strategy
—— BALD

—— Maximum variance
—— Predictive entropy

m posterior variance of class
probabilities.

~—— Random

Integrated distance
o
=

Maximum variance Predictive entropy Random

BALD
50 160 15‘:0 Z(l)O
n
Median IKL across 10 repetitions; ribbons show interquartile
ranges.

B o o b b o by 0 0 b o o Finite-rank SLGP (RFF, Matérn-5/2, 100 frequencies —
200 basis functions).

Median computational time (s)

Step [l selection of anew point [[] SLGP training



Applications and proof of concept

m Case 2: binomial distribution with varying np;, and p



Case 2: binomial with varying np;, and p

Two-dimensional benchmark. We now index by x = (npjn, p) € {5,...,20} x (0,1), with
Toginp | X ~ Bin(npin, p),

so that K = 21 categories and the support itself varies with np;,:

B(Togyp = K) = Fizn, (”‘;””) PP k=0,....20.

Evaluation metric. KL is unstable under support shifts, so we use the Wasserstein-1 distance:

K
WA(F,G) =) |F(k) — G(K)],
k=0
on the CDFs F, G, integrated over the input domain.

Same finite-rank SLGP as before (RFF, Matérn-5/2, 100 frequencies — 200 basis functions). The
varying support makes inference and design more involved.



Case 2: results without structural trend

Integrated distance

Wasserstein 1

Acquisition strategy
-—: BALD

- Distributional variance
~ = Predictive entropy

—— Random

50 100 150 200
Sample size n

vs. dataset size; ribbons show interquartile ranges (10 repetitions).

Integrated W



Case 2: results without structural trend
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Encoding support with a structured trend

Idea. Inject structural prior knowledge into the latent field via a deterministic trend that
penalises out-of-support categories:

M(nbim P, k) =-10- 1{k>"b/‘n}'

Plugging into the discrete SLGP gives probabilites:

Y,

Nbin, P

( eXp{ETF(nbinapa k)} ’ k S Npin,
(0.8
4.5 x 1075 exp{e "F(npin, p. k) }, k> npin.



Case 2: results with structural trend

Integrated distance

Wasserstein 1
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Acquisition strategy
-—: BALD

- Distributional variance
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Case 2: results with structural trend

Probability
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Conclusion

What we did. A discrete-output SLGP for spatially indexed categorical /count responses —
full posterior on the pmf at any location, with coherent uncertainty.

Takeaways.

m The continuous SLGP extends to finite support — normalized w.r.t. atomic reference
measure, normaliser is a finite softmax (no quadrature error).

m Epistemic-uncertainty criteria (especially BALD) beat random sampling for distributional
reconstruction.

m A structured trend encodes support constraints and markedly improves the varying-n
case.

Next. Estimating the trend jointly, variational / augmentation-based inference for large K,
SUR-type criteria on distributional functionals, proper scoring rules when ground truth is
unknown.
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Posterior approximation: Laplace vs. MCMC

The SLGP likelihood is log-concave and the prior Gaussian = the posterior is log-concave, so a
Laplace approximation around the mode is well justified.

Laplace Laplace Laplace 0
Training size: 10 Training size: 100 Training size: 1000
—

o 1004

-

(]

£

=

2
) = .
] © ——
X MCMC MCMC MCMC = -0
]
o Training size: 10 Training size: 100 Training size: 1000
= 3.00
g N
Z 1.00 W d
S \ T T T
g 0.30 X 10 100 1000
= 5104 Training sample size

0.034 %
o e T T s g e e [ AR =t B R Sampling method B3 Laplace EH MCMC
0.00 0.25 0.50 0.75 1.00.00 0.25 0.50 0.75 1.00.00 0.25 0.50 0.75 1.00

Parameter p

Training time on a laptop.
Pointwise KL to the ground-truth pmf, n € {10,100, 1000}, 10

repetitions.



Posterior approximation: SLGP vs GP VS XGBoost

Case : Binomial with varying p, estimation of SLGP vs of multi-class GP VS XGboost

p=0 p=0.25 p=0.5 p=0.75 p=1
1.004 e ot

n i

| | Model used
> 0.754 2
= i ! Ground truth
o | | )
§ 0.5014 s B i [ — SLGP - random design
& : I e T 'l -=- XGboost - random design

1
|
)

e i I 4
E ‘_ il HIS J -+++ Multiclass GP - random design
6




Real data: Bombus terrestris occurrences in France

Data. GBIF occurrence records of Bombus terrestris in metropolitan France, 2019-2023, with
valid coordinates and dates. Spatial index x = (lon, lat) € D C R2.

m Regular hexagonal tessellation (isotropic neighbourhoods, less directional bias).

m Per cell h and year y, a truncated count response:
tn,, = min(50, #{occurrences in h during year y}).

m Truncation limits the influence of densely sampled urban cells.

Average yearly count

10 20 30 4050

Raw occurrence points. Hexagonal tessellation.



Real data: training protocol and predictive summary

Protocol. Train on counts from 2020-2021 (each year an independent spatial replication),
RFF Matérn-5/2, 200 frequencies — 400 basis functions.

[ Reference empirical average yearly count over the longer window 2019-2023,
£l =3 Zy 2019 thy-
m Compared to the mode of the SLGP posterior predictive fitted on 2020-2021.

Average yearly count Average yearly count Mode of the posterior mean

10 20 30 4050 10 20 30 4050 10 20 30 4050

Full reference (2019-2023). Training data (2020-2021). SLGP posterior mode.
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